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THIN CURVILINEAR BEAMS OF MINIMUM WEIGHT

L. V. PETUKHOV

The problem of minimizing the weight of thin curvilinear beams whose state of stress
is described by the Saint-Venant theory, is considered. The elastic state of the
beam is analyzed and the influence of the shape of the cross-section on the state
of stress studied. It is assumed that every point of the beam must satisfy some
condition of the strength of material. Scolutions of concrete problems are given
for beams of varying configuration. Problems of minimum weight of beams and bars des-
cribed by the equations of the elementary theory of bending, were discussed in /1—

3/.

1. Formulation of the problem. Let us consider a curvilinear spatially situated
beam of length [, We attach to the beam axis a curvilinear z,, ;. ¥y —~coordinate system (Fig.
1). Let the unit vector r; be directed along the tangent to the beam axis, and unit vectors

r, and T, lying in the plane orthogonal to the r, plane of the cross-
section of the beam, be directed along the principal axes of inertia
of the beam. We shall assume the coordinate axes I; and I; to be:
straight lines, so that the Lamé coefficients X, := X, = 1. We denote
the arc length along the coordinate axis 3 by r, (dry — Xgdzy).

Let us consider the cross-section of the beam. We shall assume
that the shape of the cross-section depends on the coordinate z3; in
such a manner that the linear dimensions of the cross-section are
proportional to the similarity ccefficient 0 (ry),with the center of
similarity coinciding with the center of inertia of the beam. In this case the similarity
coefficient must satisfy the inequality

8 =0 (1.1)
The cross-section obtained for 6 =1 will be called the initial cross-section. Clearly, not
all forms of the initial cross-section have similar cross*sections for any 0 > 0. However,

all convex cross-sections and a majority of the cross-sections which have practical applica-
tions, have similar cross-sections at any 0.

Let us denote the displacements, angles of rotation, moments, forces, external distributed
loads and moment vectors by u, ¢, M, P, p, m , respectively. Then the equations of equili-
brium of a curvilinear beam will have the form ( a prime denotes a derivative with respect
to ry) /4/

P=—p M=—m—uxP, /=—uxg¢ AP ¢=CM (1.2)

Here A and C are second rank tensors depending on the form of the cross-section and the
elastic constants of the beam material. In a coordinate system associated with the principle
axes of inertia of the system, the above tensors assume the diagonal form
1 . 1 1 ) 1
Aiy == i o= Ly (k=1,2), A'”:T?’ ('“:‘:7;‘5 (1.3)
where E is Young's modulus, G is shear modulus, s is the area, ¢ is the torsional rigidity
j, and j, are the principal moments of inertia and i;, i,are the shear coefficients of the
beam's cross-section. The relations (1.3) show that (the zero subscript denotes the values
referring to the initial cross-section)
A = 04w, Cu®=0Cu (k=1,2,3) (.4)
Using the configuration of the axis as a criterion, we can separate all beams into two
groups. The first group will contain all open beams. The boundaries of such beams are
rg=0 and r3=1, and we set the following conditions at these boundaries:

—ay Py (0) + bty 0) — g = 0,  ayPy (1) - boylty (1) —gax = (1.5

—cieMy (0) 4 dyppi (0) — frp = Os. oMy (D) + doy@r (1) = for =0 (=1, 2, 3)
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where @nx, uky Cnks Gnks Gnks fux (=1, 2; k=1, 2, 3) are given coefficients and a,® + bu’ % 0, cn® +
dp? 7= 0. The coefficients f,r and gy may represent either concentrated forces, or moments
acting at the beam ends, or given displacements and angles of rotation. The boundary condi-
tions (1.5) are sufficiently general and embrace a large class of real structures. The second
group contains closed beams. In this case there will be no boundary conditions and the
integration constants can be found from the conditions of periodicity of u, ¢, M and P.

We obtain the stresses within the beam using the Saint-Venant theory /5/

__ PG ( 2 2) PzG( 25 ) M; 3y PIG( 1 ) PG ( Ya 2) M; 3% (1.6)
On =g \Gg, — 0 7 \ar evade) + 2 Bz, 0T, Bz, vy Fip \ oz, — ™2 ¢ Oz
Mz Moz P
033=—f—-i:—1+‘s—3, Oy1 = Oya == 0y =0

Here v is the Poisson's ratio and % = %k (T1, %) (k= 1, 2, 3) are solutions of the boundary
value problems

Apy =0, 0y /0n r = oqz® + vouzz,, Ay, =0, 0y, / 0r) [p = 2vo,z,7, + a,x,? (1.7)

Ayy = =2, dxs/ dry o= 0

where we introduce the following notation: A is the Laplace operator, I' is the contour en-
circling the cross section 8, z,/, %, z;’ denote a system of curvilinear coordinates attached
to the contour I' in such a manner that the unit vector ry is parallel to the vector v, t,’
is directed along the tangent and v’ along the normal to the contour T, &, and @, are direct-
ion cosines of the normal r,, and r/, ry’ are the arc lengths along the coordinate lines z,
and z,.

The stresses (1.6) can be expressed in terms of the stresses in the initial cross-section
Indeed, let us change the coordinates x,, z» and functions yx;, %2 X3 @S follows:

zp = 8% g = (20, ") (k= 1, 2), %3 = 0%x," (=% z,°) (1.8)

where the zero superscript denotes, as before, the quantities associated with the initial
cross—-section. Substituting (1.8) into the differential equations and boundary conditions
(1.7), we obtain the boundary value problems for the gquantities accompanied by the super-
script zero.

Let us introduce into our discussion the following functions defined on the set xl", 7,0 =
0
st

¢ (o oo ¢ [0%°
Knk = W (5:_0 - xnoz) s Ank = Ef0 (“’ - 2\71:10120) ’ (n’ k=1,2; n+k)

[]
dxn

4y ) oz oz 1
s =" G+ XB= " @G T 7w XSZ—-‘]-Tv Ass =~

Substituting the right-hand sides of (1.8) into the expressions for the stresses (1.6), we
obtain the following convenient formulas

1.9
Oar = YirP1/ 0% 4+ yuePy / 0° 4 yxaM3 / 0%, 0g =AMy [ O° 4 4y 1 0° + yaaPy /6%, (k =1, 2) ( )
As the condition of material strength, we consider the following inequality:

—I, (Dev o) < ry? (1.10)

where I, (Dev o) is the second invariant of the deviator of the stress tensor ¢, and 7T, is
the torsional yield point of the material. Substituting the stresses (1.9) into the strength
of material condition (1.10), we obtain

o= max [(xaMy/ 0 + you2My/ 0 + y55P5 / 697/ 3 + (uPr/ 0° + %P2/ 0% + y13Ma / )+ (1.11)

x10, x.0= 8!
(xa1Py [ 6% + KaoP2/ 0% + %53M 5/ 632 — g2 <0

In addition to the constraints (l1.11) which are called, in the optimal control, the zero
order constraints /6/, a necessity often arises for the constraints

N N (1.12)
when justified by design arguments.

Let us pose the following optimization problem. To find, amongst the piecewise continu-
ous controls 0 (r;) and peicewise smooth functions u(rg) @ (rs), M (r;), P (r;) , satisfying the
equations (1.2), boundary conditions (1.5) and constraints (1.11), (1.12), such controls and
functions which would minimize the weight of the beam

I

T = { pgso2ar, (1.13)



510 L. V. Petukhov

Here g is acceleration due to gravity and p is the density of the beam material independent,
as a rule, of the coordinate rj.

2. Necessary conditions of optimality. The problem of minimum weight of the
beam refers to the problem of optimal control with fixed ends, with the zero order constraints
(1.11) imposed on the phase coordinates, and constraints (1.12) imposed on the control.
Following /7/, we pass from the inequality-type constraints to the equality-type constraints

0+ 02=0, —0 4+ +02=0, 0—% - 082=0 (2.1)

where 0,, 8, and 0; are supplementary control functions.

Let us construct a Hamiltonian function H /8/. To do this we add to the integrand ex-
pression in (1.13) the right-hand sides of the equations (1.2) scalar multiplied, one after
the other, by the undefined Lagrange multipliers -—v, —¢, Q, N, and the left-hand sides of
the equations (2.1) multiplied by the Lagrange multipliers [i;, Wy, 3

H = pgs%0* +vp + P (m + 1y X P) + Q-(—ry X ¢ +AsP) +
NAC-M) + py (6 + 02 - po (=0 + Ay + 8,2 + ug 0 + 2, + 6,3

(2.2)

Using the results of /8/ we obtain, for the control problem in question, the Euler equations
(as before, the prime denotes a derivative with respect to ry)

Q=0, NiruxQ=0, virxp=AQiwuI (2.3

, A [Z;
W= CN by 28 20000+ Q2PN TEM oy S —p =0, 2mb=0 (k=1,2,3)

Analysis of the above equations shows that the first four Euler equations formally co-
incide with the equations (1.2), provided that we perform the analcgy between u and v, ¢ andnp, M
and N,Pand Q . BPnalizingthe last three Euler equations we find,that they are equivalent to the

uations
eana Bo =0, Py (—0+24) =0, py(0—%)=0

The Weierstrass—Erdman conditions for the problem of minimization of weight reduce to

vl =0, [9]=0, [NI=0, [Ql=0, [Hl=0, [Fl=F (@, + 0 —F (r,—0) (2.4)
Taking into account the first four conditions of (2.4) we obtain, from [H] =20,
pgs [01% + v-[p] + P-[m] + Q-A°-P[1/0%] + N.-C°CM[1/6% =0 (2.5)

Let us now construct a function obtained by summing the left-hand parts of the boundary
conditions (1.5) multiplied by the undefined Lagrange multipliers &, Esx, Wig, NMox respectively.
Using the results of /8/ we obtain, at the points r;=0 and r;=1, twenty four conditions

Qr ) = —Eubir, vk (0) = —Ewarr, Ny (0) = —mudirs Y 0) = —nuecrx (2.6

Qx (1) = Eorbog, vy (1) = —Eaxasn, Ni (1) = Nordar, P () = Nawcax k=1, 2, 3)

twelve of which are used for determining the Lagrange multipliers Eix, Eox, Mir, N2r and the re-
maining twelve represent the boundary conditions for the Euler equations (2.3). Eliminating
from (2.6) the Lagrange multipliers, we obtain the boundary conditions in a more convenient
form

—ayQx (0) + buvw (0) = 0,  auQy () + baye () = 0 (2.7)
—eieNk (0) + duer (0) = 0, coxVi (3) + doppy (1) = 0
k=1, 2, 3)

Using the formulation of the present paper, we obtain the necessary Clebsch and
Weierstrass conditions of weak and strong minimum in the form of the inequalities (2.8) and
(2.9), respectively

w20, =0, py >0 (2.8)
HM,P, N Q6=HMPN Q6 (2.9)

where 0 (r;) is the optimal and O (rs) any admissible control.

3. Optimal beam systems. Let us take, for simplicity, a circle of radius «=1m as
the initial cross—-section. Solving for this cross~section the boundary value problems (1.7)
we obtain

34-2v) {1 — ") — (1 — 2v) 1, {1-1-2v) 4,"x,"
A =~ GRRUL 2_.:(111*_‘,)( ) PR AT 231 ”_n—(ﬁvl)—— (3.1)
(34~ 2v) (1 — 27) — (1 —2v) 1" . ey - A0
Kog == 2 (11 V) P ST T £ 3

Yo = 4rl 1 M, yan = —Ae)® W qas =1/ W
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Minimum weight cantilever. The cantilever represents a rectilinear beam, one end
of which is fixed and the other free. For a rectilinear beam the system of equations (1.2)
splits into four systems of equations (bending in two planes, tension and torsion). The
boundary conditions (1.5) for the cantilever simplify to

u(0) =@ 0 =0, Py () =gx, M () = fix (k =1, 2, 3) (3.2)
Solving the equations (1.2) with boundary conditions (3.2), we find

1 [ (3.3)
My=fi—gl—r)+ Sml(c>dc—gd§§pz(c)dc
b Lo
Me=hitat—r)+ (m@a+ {a{n@au
ra Ta 4
4 4
My=fs+ {m@dt, Pe=s+ {m@at (k=123
The control 6(rg) is determined by the equation
®=0 (3.4)

Let us take py=mp =0, =0(k=1,2,3), gy = g3=0, go=214.10¢N ,l=1m, v = 0.25, Ty = 1'47’1051\1/1\'12
p=17.8.103 kg/ma_
The optimal control is shown in Fig.2 by a solid line. The weight of the optimal beam and

the constant cross-section beam satisfying the strength of material condition (1.11l) are,
respectively, J,~ 220 N, J,=38y (weight payoff = 43%)

Minimum weight of a beam with a helical axis. We take a beam with a circular
cross-section, the axis of which represents a helix. One end of the beam is fixed, and the

other end is acted upon by a force g (Fig.3). Let us put !=1 m. as the length of a single
turn of t}}ae helix, & =041m. as one pitch of th helix, g=9.8.103N, 1, = 1A47.108N/m2, = 0.25, p.=
7.8.10% kg/m Solving the equations (1.2)we obtain
d b 1 2 (I —
Po—0, Pt op =By B, Z2lon)
gdb 2n(l —r, ga? 2 (L —rg) —
M, - _E&T[1 —cos%] D My=— o [1*005———1——3—} d= VP kE b=d/(2n)

§ S<t>*\ii _
g AN

. / \ 1
[ / N
; \4 \

f 2 50 7 n,em

2y, i
4
Fig.2
Fig.3 Fig.4

The optimal contrcl 6(r) can be found from equation (3.4) and is represented in Fig.2 by a
dashed line. The weight of the optimal beam and the constant cross-section beam satisfying

the strength of material condition are, respectively, .J,=~ 289 N, J. = 413 N (weight payoff is
~ 40%).

Minimum weight of a beam with a circular axis. We take a beam of circular
cross-section, with a circular axis (Fig.4), acted upon by concentrated tensile forces 2g.
Let us put 5=041m, g, = 98.103 N, 1, = 1.47-108 N/mz, E = 2.06.1011 N/mz. » = 0.31, p=7.8.103 kg/ms.

Since the problemof stretching a circular ring has symmetry axes z =0 and 3z =0, we shall
consider a quarter of the ring r, e |0, nb/ 2} with boundary conditions

us (=g, N =us () =@ () = P, () =0, Py (0) = g3
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An exact solution of the problem in question cannot be obtained. We have, therefore,
solved the problem in which the restriction (1.11) was regarded as a multiplier, imposing a
penalty on the functional (1.13). The optimal beam and the constant cross-section beam
satisfying the strength of material condition (1.1l) are shown in Fig.5 by the solid lines,
and the distribution of the moment M, by a dashed line. The weights of the optimal and
the constant cross-section beams are, respectively, J,~598 N, J.=M1.0N (weight payoff = 46%).

Analysing the optimal beams we find that
57”“\\ #2 Nm all these beams have equal strength irrespect-
\\‘\\\\ : ive of the form of the beam axis. We note that
| a beam is called equistrong if every cross-—

7 §§\ ///,—’1”' section contains a point at which the restric—
\§\\\ } tion (1.1) becomes an equality. The points
- l{(//// need not be situated at some specified part of
45 ~ 0 the cross-section, they may change their posi-
- tion within the cross~section depending on the
- arc length rs.
The process of solving the problem could
2 7 o 7 pr ,}CH;Zf be somewhat simpl%fied if it could be shown
that the formulation of the problem with the

inequality~type constraints (1.11) is equival-
ent to the problem with the corresponding,

Fig.5

equality-type constraints.
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